We investigate the coherent and incoherent nonparaxial Weber beams, theoretically and numerically. We show that the superposition of coherent self-accelerating Weber beams with transverse displacement cannot display the nonparaxial accelerating Talbot effect. The reason is that their lobes do not accelerate in unison, which is a requirement for the appearance of the effect. While for the incoherent Weber beams, they naturally cannot display the accelerating Talbot effect but can display the nonparaxial accelerating properties, although the transverse coherence length is smaller than the beam width, based on the second-order coherence theory. Our research method directly applies to the nonparaxial Mathieu beams as well, and one will obtain similar conclusions as for the Weber beams, although this is not discussed in the paper. Our investigation identifies families of nonparaxial accelerating beams that do not exhibit the accelerating Talbot effect, and in addition broadens the understanding of coherence properties of such nonparaxial accelerating beams.
I. INTRODUCTION
The paraxial wave propagation equation is formally equivalent to the Schrödinger equation in quantum mechanics [1] , which helped a lot in the discovery of nondiffracting self-accelerating Airy beams [2, 3] . In the past decade, investigations on the topic were many and acquired a rapid development. Until now, studies of Airy beams have been reported in nonlinear media [4] [5] [6] [7] , optical fibers [8, 9] , and other systems. To manipulate the behavior of Airy beams, different external potentials such as harmonic potential [10] [11] [12] or a linear potenial [13, 14] , have been explored.
To recall, the paraxial wave propagation results from the Maxwell's equations after applying the slowly-varying envelope approximation. Without such an approximation, one investigates nonparaxial optical problems using the Helmholtz equation that follows directly from the Maxwell's equations [15] . It has been demonstrated that the solutions of two-dimensional (2D) Helmholtz equation are plane waves in Cartesian coordinates, Bessel beams in circular cylindrical coordinates [16] [17] [18] [19] , Mathieu beams in elliptic cylindrical coordinates [20, 21] , and Weber beams in parabolic cylindrical coordinates [20, [22] [23] [24] [25] . In addition to the 2D case, one can also solve the 3D Helmholtz equation for the 3D accelerating beams utilizing the Whittaker integral [16, 26, 27] . The reason why investigations of accelerating beams are so hot at the moment is their numerous potential applications, such as in particle manipulation [28] [29] [30] , electron beam shaping [31] , and super-resolution imaging [32] , to name a few. Recent studies indicated that accelerating beams have opened a new window in explorations of elusive problems in general relativity [33, 34] and quantum particles [35] . For more details on accelerating beams, the reader may consult review articles [36] [37] [38] and references therein.
In this article, we investigate the coherent and incoherent nonparaxial accelerating Weber beams. We focus on the two aspects: (1) Can coherent Weber beams exhibit nonparaxial accelerating Talbot effect, as Bessel beams do? (2) What behavior will incoherent Weber beams display? Will they lose the nonparaxial accelerating property? The organization of the article is as follows. In Sec. II, we introduce the theoretical model and the Weber beams in parabolic cylindrical coordinates. In Sec. III, we investigate the coherent Weber beams and check whether the nonparaxial accelerating Talbot effect can take place or not. In Sec. IV, incoherent Weber beams and their characterization is considered, including the degree of coherence and the coherence length. We conclude the article in Sec. V.
II. THEORETICAL MODEL
We begin from the two-dimensional Helmholtz equation, which can be written as
where k is the wavenumber. One of the shape-preserving solutions of Eq. (1) is the so-called Weber wave function in the parabolic cylindrical coordinates. The transformation relation between the Cartesian coordinates (x, z) and the parabolic cylindrical coordinates (η, ξ) is x + iz = (η + iξ) 2 /2 with η ∈ (−∞, ∞) and ξ ∈ [0, ∞). By utilizing variable separation, that is, by writing the solution of Eq. (1) as ψ(ξ, η) = R(ξ)Φ(η), one obtains two ordinary differential equations [20, 25] ,
where 2ka is the separation constant. If one sets √ 2kξ = v and √ 2kη = u, Eqs. (2a) and (2b) transform into the canonical form of the parabolic cylinder differential equations
The solutions of Eqs. (2a) and (2b) are determined by the same Weber functions, but the corresponding eigenvalues have opposite signs. If we denote the even and odd solutions of Eq. (2a) as P e and P o , the final even and odd transverse stationary solutions of Eq. (1) in parabolic cylindrical coordinates are expressed as
respectively, where
, and the coefficients c n satisfy the following recurrence relation:
For P e (P o ), the first two c n coefficients are c 0 = 1 and c 1 = 0 (c 0 = 0 and c 1 = 1) [22] . Therefore, the general transverse stationary solution of Eq.
(1) can be written as
According to [25] , if a ≥ 10, the trajectory of the main lobe of the Weber beam in Eq. (7) is of the form
where
Clearly, the trajectory in Eq. (8) is a parabolic curve that depends on the value of a. Therefore, if one fixes the value of a, then the trajectory is also determined regardless of whether there is a transverse displacement or not.
To elucidate the Weber beams clearly, we display in Fig. 1 the intensity distributions of the even, odd and general transverse stationary solutions. In Fig. 1(c) , the theoretical trajectory of the main lobe is also exhibited, as indicated by the dashed curve. However, it should be stressed that lobes of the Weber beam do not accelerate in unison. That is, the path differences along different lobe trajectories vary such that they are not uniform and fixed. This is unlike the nonparaxial Bessel beams, where the lobes follow circular trajectories. The rate of change of the path length with the radial distance there is constant. A more clear sketch of the Weber beam is displayed in Fig. 1(d) , in which the transverse coordinate is transformed according to Eq. (8) that describes the trajectory of the main lobe. One sees that all lobes except the main lobe do not propagate along a straight trajectory.
In the following, we discuss the coherent and incoherent Weber beams in more detail, based on the basic theory introduced here.
III. COHERENT WEBER BEAMS
Due to the linear property of Eq. (1), the solution in Eq. (7) with an arbitrary transverse displacement ∆x is also a solution. Thus, the general solution of Eq. (1) in parabolic cylindrical coordinates can be written as
in which the coefficients of all the components are set to be 1. Even though the nonparaxial Weber beam can be reduced to the paraxial Airy beam under proper conditions [20, 25] , the lobes of the Weber beam do not accelerate in unison, as is visible in Fig. 1(c) and from the "periodic" Weber beam in Fig. 4(b) of [25] . We would like to explain here in details. The parabolic coordinate system is defined by confocal parabolae and each parabola with different latus rectum and the separation between lobes varies along the parabolae. On the other side, the lobes in Airy beams are governed by one single parabola. A single Airy beam as it propagates maintains its profile within the region of existence, but it is not the case for Weber beams since their lobes change their separation as they propagate.
Since the theoretical trajectory of the main lobe depends on a, the Weber beams with different a do not accelerate in unison. Therefore, we only consider the solution with a fixed a and arbitrary transverse displacement. Then, Eq. (9) is reduced into
We display the intensity distribution of the beam with only two components given by Eq. (10) in Fig. 2 (a) and in Fig. 2(b) with a transformed coordinate, according to Eq. (8) . One finds that the beam exhibits a quasi-periodic behavior along the z direction, however this pattern cannot be called a Talbot effect [39, 40] . The reason is clearlythe lobes do not accelerate in unison, and the unison acceleration is a requirement [17] for the Talbot effect. What one sees is just the interference pattern of limited periodicity. Another reason is that the intensity and the width of each lobe respectively decreases and increases with the increasing propagation distance z, as elucidated in Fig. 1(d) . Clearly, the nondiffracting properties of the nonparaxial Weber beams are much worse than those of the nonparaxial Bessel beams. In the Bessel beams one can see an extended region in which the nonparaxial Talbot effect is observed. Due to the above reasons, we assert that one cannot obtain nonparaxial accelerating Talbot effect based on the Weber beams. As a result, different from the nonparaxial Bessel beams [19] and Airy beams [40] , the nonparaxial Weber Figs. 2(a) and 2(b) , which indicates the quasi-periodic pattern has a smaller "period" if ∆x is larger.
IV. INCOHERENT WEBER BEAMS
For the spatially incoherent case, the intensity of the beam which is composed of an arbitrary number of independent modes, should be written as
One can check the coherence characteristics of the beam represented in Eq. (11) through the complex degree of coherence [41] γ 12 ( r 1 , r 2 ) = Γ ( r 1 , r 2 ) where Γ ( r 1 , r 2 ) is the mutual coherence function, defined as
where W n represent the beam components and asterisk denotes the complex conjugate. It should be recalled that
where 0 represents a completely incoherent and 1 a completely coherent beam. Connected with the coherence function, it is also convenient to explore the coherence properties via the transverse coherence length, which is defined as
Based on Eq. (11), the intensity of the incoherent Weber beam is exhibited in Fig. 3(a) . Since all the components accelerate along the same trajectory (a parabolic curve with transverse displacements), one can still observe the nonparaxial acceleration property of the incoherent beam, even though the oscillating lobes disappear due to the superposition of incoherent modes. Intensity distributions of the beam at certain distances are displayed as the solid curves in Fig. 3(e) , from which one finds that the beam indeed accelerates nonparaxially with a nearly preserved shape. Note that the intensity of the beam depends on the number of modes, and the larger the number the higher the intensity.
To investigate the incoherence of the beam, in Figs. 3(b)-3(d), we present the corresponding complex degree of spatial coherence function, according to Eq. (13), at z = 0, z = 10 µm, and z = 20 µm, respectively. The dashed ellipses show the spatial location of the main lobe of the incoherent Weber beam, so that one can numerically find the full width of the half maximum (FWHM) of the main lobe of |γ 12 | 2 to characterize the coherence property, which is around several hundreds of nanometers and increases with the propagation distance. From the solid curves in Fig.  3(e) , one can find that the beam width x 0 of the incoherent Weber beam is almost in the region 7 µm < x 0 < 7.5 µm, which is larger than the FWHM of |γ 12 | 2 . In the end, we turn to the coherence length, as shown by the dashed curves in Fig. 3(e) . Corresponding to the main lobe of the incoherent beam, the coherence length is really small and on the order of a single wavelength (hundreds of nanometers), which is in accordance with the results presented in Figs. 3(b)-3(d) . One trivial fact worth mentioning is that the incoherence will be strengthened if the transverse displacement extends over a larger region.
V. CONCLUSION
In conclusion, we have investigated the coherent and partially incoherent Weber beams. For the coherent case, the nonparaxial accelerating Talbot effect cannot be obtained, because the lobes of the Weber beam do not accelerate in unison. While for the incoherent case the beam still maintains the nonparaxial accelerating property. Both the coherence function and the coherence length are presented, to display the degree of coherence, and we have found that the coherence length is on the order of a micrometer, which is comparable with the single wavelength. The coherent and incoherent nonparaxial Mathieu accelerating beams are not discussed here, because the research method reported in this paper is also applicable to such nonparaxial accelerating beams and similar results are expected. The only difference is that they accelerate along elliptical curves, and are solutions of the Helmholtz equation in elliptical cylindrical coordinates. This presentation enriches the understanding of nonparaxial accelerating beams and the coherence properties of such nonparaxial accelerating light.
